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This letter investigates the effect of shear on Rayleigh–Taylor instability (RTI). Even simple
uniform shear strongly influences the instability; longer waves are completely stabilized when density
stratification is large (higher Atwood numbers). This apparently counter-intuitive result is due
to the presence of Atwood number in the shear term. When the unstable density interface is
embedded in a shear layer, shear is again found to stabilize the RTI. However, this configuration
introduces additional unstable shear instability modes in the lower wavenumber regime. A new type
of shear instability, whose growth rate increases with Atwood number, plays a dominant role, while
Kelvin–Helmholtz instability (KHI), which was previously understood to be the only possible shear
instability in this context, has little significance. Hence the billows observed in the nonlinear stages
of RTI, which are usually attributed to KHI, may actually be the nonlinear manifestation of this
new instability.
PACS numbers: 47.20.Ma,47.15.St,47.20.Ft
Rayleigh–Taylor instability (RTI) is a familiar gravity
driven flow phenomenon observed when a fluid of den-
sity ρ1 rests on the top of a lighter one of density ρ2
[1]. RTI has varied applications in industrial (e.g. aerosol
transport, thin film flows, pool boiling, inertial confine-
ment fusion), oceanic, and even in astrophysical flows.
In RTI, with gravity g > 0, the system is unstable for
Atwood number, At ≡ (ρ1−ρ2)/(ρ1 +ρ2) > 0 and for all
wavenumber, k. Furthermore, the growth rate, γ, varies
as
√
Atgk, implying that shorter wavelengths are more
unstable. Finding ways to stabilize the explosive growth
of RTI is of key interest in many sub-fields of fluids and
plasmas. In presence of viscosity and/or surface tension,
the short waves are known to be stabilized [2, 3]. Stabi-
lization of RTI by Coriolis force has also been reported
[4, 5]. For flows of geophysical and industrial relevance,
the effect of shear on RTI is important. For example,
in displacement flows [6], knowing the stability effect of
shear on the unstable interface would be important for
the oil industry. Previous studies on the effect of shear
on RTI reveal contradictory results. In one such study
by ref. [7], who used continuous velocity profile for shear,
it was concluded that the RTI growth rate is inhibited
by the application of shear. However, treating shear as
a discrete velocity jump across the density interface, it
was shown in ref. [8] that presence of shear destabilizes
the instability even further. It was also argued that for
high values of shear, the instability is mainly driven by
shear and moreover, increasing the Atwood number sta-
bilizes the flow, as is the case in a pure Kelvin–Helmholtz
instability.
The objective of this letter is the resolution of this ap-
parent paradox by theoretically investigating the effect
of background shear on RTI using continuous, piecewise
linear velocity profiles. Initially we assume nothing but
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a uniform shear across the density interface and then we
make the setting more realistic by assuming a finite shear
layer. Use of a broken line velocity profile helps in un-
derpinning the cause of instabilities in terms of localized
wave interactions. Additionally, we do this in a fully
non-Boussinesq setting so as to incorporate the variation
of density in the inertial terms as well. The Boussinesq
approximation is severely limited by the fact that any
variation of density in the terms other than the gravita-
tional force term is ignored. This effectively means that
the terms ‘density variation’ and ‘buoyancy variation’ are
qualitatively treated as one and the same. While this ap-
proximation works reasonably well for lower values of At
in the absence of shear, for higher At or even for high
values of shear, there is a substantial qualitative as well
as quantitative variation between the Boussinesq and the
non-Boussinesq settings.
We consider a 2D flow in the x − z plane having a
piecewise uniform shear Ω(z) ≡ du¯/dz, where u¯ is the
base velocity, imposed over an unstable density interface
(see fig. 1):
ρ¯(z) =
{
ρ1 0 < z
ρ2 z < 0
Ω(z) =
{
Ω1 0 < z
Ω2 z < 0.
(1)
When Ω1 = Ω2, the situation will be that of a uniform
shear, but to keep our setting general, we don’t invoke
this assumption. Besides, it might be noted that even
though we have vorticity present in the base flow, the
perturbed flow is still irrotational everywhere except at
the interface because both shear and density are con-
stant in each layer. For understanding this, we appeal to
the linearized vorticity transport equation according to
which, the total vorticity ζ is conserved in the fluid bulk
for inviscid 2D flows. Baroclinic generation of vorticity
is restricted to the density interface(s) only. Thus, ev-
erywhere except at the interface, we have Dζ/Dt = 0.
Since our focus is on linear instabilities, the operator
D¯/D¯t ≡ ∂/∂t + u¯ ∂/∂x denotes the linearized material
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2FIG. 1: Schematic of adversely stratified density
interface in presence of piecewise uniform shear.
derivative. Writing ζ(x, z, t) = Ω(z) + ζ ′(x, z, t) (decom-
posing into background and perturbation), we obtain
D¯ζ ′
D¯t
= −w′ dΩ
dz
. (2)
In presence of a piecewise uniform shear, the R.H.S.
is identically zero everywhere except at the interfaces.
Therefore, the perturbation vorticity is zero within the
bulk of the fluid, i.e. except at the interfaces and hence,
we can still use the potential formulation for the per-
turbed flow. We introduce potentials φ1 and φ2 in the
region above and below the interface (having equation
z = η(x, t)) respectively, satisfying the incompressible
continuity equation
∇2φ1 = 0 z > 0 (3)
∇2φ2 = 0 z < 0. (4)
We write the usual linearized kinematic boundary condi-
tions just above and below the interface at z = 0 as
∂η
∂t
=
∂φ1
∂z
∣∣∣∣
z=0
;
∂η
∂t
=
∂φ2
∂z
∣∣∣∣
z=0
. (5)
The linearized dynamic boundary condition, which is ob-
tained by integrating the momentum equation along the
interface and matching the pressure across it, is
ρ1
[
∂φ1
∂t
− Ω1ψ + gη
]
z=0
= ρ2
[
∂φ2
∂t
− Ω2ψ + gη
]
z=0
.
(6)
Here, ψ is the perturbation streamfunction, and apart
from the presence of ‘Ωψ’ term, this equation is simi-
lar to the linearized Bernoulli’s equation which we would
have obtained in the absence of base shear. It might be
noted that the convective term of the momentum equa-
tion, which gives rise to this term, cannot be integrated
had the base shear not been piecewise constant.
Substituting the normal mode perturbations of the
form exp [i(kx− ωt)], where k is the real wavenumber
and ω is the complex frequency, in (5) and (6) and using
FIG. 2: Stability diagram showing non-dimensional
growth rate γ/
√
g/H variation in the At − kH plane for
(a) Fr = 0 (b) Fr = 1 (c) Fr = 2 (d) Fr = 3. Here, ‘H’
is an arbitrarily chosen length scale.
the procedure outlined in ref. [9], we obtain the disper-
sion relation for the system:
ω2 −
(
ρ1Ω1 − ρ2Ω2
ρ1 + ρ2
)
ω + gk
(
ρ1 − ρ2
ρ1 + ρ2
)
= 0. (7)
The expression for non-Boussinesq growth rate (i.e. the
imaginary part of complex frequency) of RTI in deep wa-
ter limit is found to be
γ =
√(
ρ1 − ρ2
ρ1 + ρ2
)
gk −
(
ρ1Ω1 − ρ2Ω2
2ρ1 + 2ρ2
)2
. (8)
It might be noted here that under the Boussinesq approx-
imation, the effect of density in the (stabilizing) shear
term is lost, and we would have simply obtained
γ =
√(
ρ1 − ρ2
ρ1 + ρ2
)
gk −
(
Ω1 − Ω2
2
)2
. (9)
This also means that the Boussinesq approximation will
not be able to capture the effect of shear if the shear is
uniform i.e. if Ω1 = Ω2 = Ω, whereas for non-Boussinesq
case and a constant shear we will obtain
γ =
√
Atgk −
(
AtΩ
2
)2
. (10)
It is evident from the above relation that presence of
a uniform shear Ω always causes a suppression of the
growth rate for a single interface system and this effect
is prominent at lower wavenumbers. The growth rate
plot for RTI in the presence of a uniform shear has been
plotted in fig. 2. The value of shear (characterized by
Froude number, Fr = Ω/
√
g/H) has been varied and it
3can be seen that increasing the shear increases the stable
region in the At−kH plane. In the absence of any length
scale, there is no physical significance of ‘H’ and it can
be chosen arbitrarily. Our result can be contrasted with
that of ref. [8], in which the expression for RTI growth
rate in presence of velocity discontinuity (and absence of
magnetic field) is given by
γ =
√
Atgk + k2(1−A2t )(∆U)2, (11)
where ∆U the velocity jump across the interface. It can
be seen from (11) that increasing shear ∆U increases the
instability but from our results, it is evident that increas-
ing shear Ω actually stabilizes the flow. The contradic-
tion here is due to treating shear as a gradient of velocity
(du¯/dz) in our case and a discrete velocity jump ∆U in
ref. [8]. The role of a velocity jump (or destabilizing role
of shear) will be discussed in the later half of this letter
but for now, we have theoretically established that pres-
ence of a uniform shear will stabilize RTI. Therefore, the
system no longer remains unstable for all values of k and
we obtain a cut-off wavenumber below which the system
remains stable. The instability condition thus becomes
k > AtΩ
2/(4g).
Another intriguing and non-intuitive result which
comes up exclusively when not making the Boussinesq
approximation is the variation of growth rate with the
Atwood number, At. We find that the variation of growth
rate with At no longer remains monotonic owing to the
presence of At in the shear term as well. Thus the in-
stability, which is driven by the presence of At in the
‘gravity term’, is also suppressed by the At in the ‘shear
term’. For a given ‘k’ and Ω, the maximum growth rate
is obtained at At = 2gk/Ω
2, and further increasing At
decreases the growth rate. Although a similar result was
obtained in ref. [8], it was argued that the non-monotonic
variation of Atwood number and growth rate was due to
the instability being governed by shear at higher Froude
numbers. However, we see here that the shear doesn’t
actually destabilize the flow but rather the stabilizing ef-
fect of shear increases with an increase in At, causing the
RTI to stabilize. It might also be noted from (7) that for
ρ1 > ρ2, the product of roots of the given quadratic equa-
tion is positive; hence if both roots of (7) are real, then
they must be of the same sign. Physically this means that
for sufficiently lower wavenumbers for which the system
is stable, we obtain two stable waves propagating in the
same direction. For a positive Ω, both of the waves (at
lower wavenumbers) will be positively propagating. This
result will be used later in this letter.
The uniform shear velocity profile (velocity having con-
stant slope) considered here may be too simplistic for
many realistic systems, where the characteristics of shear
is usually captured by a ‘shear layer’. The latter will be
focused in the subsequent paragraphs. Nevertheless, ve-
locity profile of constant slope is encountered in rotating
inviscid fluids [4]. The uniform shear set-up mathemat-
ically resembles that of ref. [4] in many aspects, where
FIG. 3: Schematic of adversely stratified density
interface embedded in a shear layer
the authors study the effect of rotation on RTI, the axis
of rotation being normal to the acceleration of the inter-
face. The dynamic boundary condition in our case, i.e.
(6), is similar to that obtained by ref. [4] (see their Eq.
(4)), where ‘Ωψ’ like term appears due to Coriolis effects.
Therefore, the observation in ref. [4] that Coriolis force
diminishes RTI growth rate is in line with ours - uniform
shear inhibits RTI.
As mentioned previously, the more realistic setup
would be an unstable density interface sandwiched in-
side a ‘shear layer’[10], see fig. 3. This set-up resembles
the Holmboe instability set-up [11], except that now the
density interface has an unstable stratification. The sys-
tem is described as follows:
ρ¯(z) =
{
ρ1 0 < z
ρ2 z < 0
Ω(z) =
 0 H < zΩ −H < z < H0 z < −H.
(12)
This system is inherently different from the previous
one. This is because here multiple interfaces are present;
each interface can support one or more waves (marked
by ‘1’ to ‘4’ in fig. 3), which implies that waves present
at different interfaces can interact among themselves and
lead to instability [12]. While waves ‘1’ and ‘4’ are vor-
ticity waves (Rossby edge waves if the reference frame is
rotating) and their physics is well known [12], waves ‘2’
(the slower wave) and ‘3’ (the faster wave) are virtually
unknown. Existence of a wave very similar to waves ‘2’
and ‘3’ has been recently proposed by us [13], where it
has been referred to as the “shear-density wave”. This
“shear-density wave” appears when a uniform shear is
imposed over a density interface (in the absence of grav-
ity). In this case, these two waves are shear-density waves
modified by gravity. We note here that the shear-density
waves modified by gravity were also obtained in the set-
up with uniform shear. These were the two stably prop-
agating waves at the density interface, which were ob-
tained for lower wavenumbers. These waves should not
be mistaken as interfacial gravity waves (which would
have propagated in opposite directions) since stratifica-
tion being adverse, gravity cannot provide the restoring
4FIG. 4: Stability diagram for RTI embedded in a shear
layer. Two distinct instability regions are observed for
high Fr, the right one being RTI while the left one is a
new kind of shear instability, see text.
force.
The non-dimensional growth rate (γ/
√
g/H) has been
plotted w.r.t. kH in fig. 4 for different Froude numbers,
Fr. Two distinct instability branches are observed for
higher Froude numbers (see fig. 4): (i) RTI at z = 0 due
to the adverse buoyancy, and (ii) a new kind of shear
instability arising from the interaction between waves
‘1’ and‘3’ (and not wave ‘2’, which we have confirmed
from the dispersion diagram). These two waves form a
counter-propagating configuration [12, 13], which is nec-
essary for them to lock in phase and grow exponentially.
The existence of the above-mentioned shear instability
has not been reported before in the literature. In fact,
the only shear instability arising from the configuration
in fig. 3 was thought to be Kelvin–Helmholtz instability
[14](KHI, or more appropriately, instability of Rayleigh’s
velocity profile). This would have been the case had the
interaction been between wave ‘1’ and wave ‘4’. However,
it is known [14] that KHI is stabilized if At is increased,
which is clearly not the case here. As can be seen from
fig. 4(e), At stabilizes the shear stability only at very
low wavenumbers (which is attributed to KHI). Even for
slightly higher wavenumbers, increasing At destabilizes
the shear instability even further.
To conclusively show that KHI does not play a signif-
icant role in the set-up under consideration, it is impor-
FIG. 5: Stability diagram for Fr = 4, (a) in the absence
of wave ‘1’ (b) in the absence of wave ‘4’.
tant to remove one of the vorticity waves at a time and
see the consequence. First, we remove wave ‘1’ by using
the following density and shear profiles:
ρ¯(z) =
{
ρ1 0 < z
ρ2 z < 0
Ω(z) =
 Ω H < zΩ −H < z < H0 z < −H
(13)
Since jump in base shear is eliminated at z = H, vorticity
wave ‘1’ disappears. From fig. 5(a) we see that removing
wave ‘1’ completely removes the region of shear instabil-
ity. This shows that wave ‘1’ plays a major role in the
instability mechanism. Next, we eliminate wave ‘4’ (wave
‘1’ being present) by eliminating shear jump at z = −H,
i.e. using the following profile:
ρ(z) =
{
ρ1 0 < z
ρ2 z < 0
Ω(z) =
 0 H < zΩ −H < z < HΩ z < −H.
(14)
The corresponding growth rate plot in fig. 5(b) shows
that very little difference exists with that of fig. 4(e),
where wave ‘4’ was present. The only small difference
appearing at smaller values of kH and At is attributed
to the presence of KHI in fig. 4(e), which results from the
interaction between waves ‘1’ and ‘4’.
In summary, presence of simple uniform shear sup-
presses RTI and this effect increases with increasing
shear, characterized here by Fr. In presence of shear,
the instability does not vary monotonically with stratifi-
cation (characterized by At), and is suppressed at higher
values of At. This apparently counter-intuitive result,
mostly prominent at lower wavenumbers, is due to the
presence of At in the shear term; see (10). Waves with
wavenumbers satisfying k < AtΩ
2/(4g) become stable.
Further, a more practically relevant set-up, where an un-
stable density interface is embedded in a piecewise linear
shear layer, is considered. The growth rate contours for
the RTI region remains almost the same as that in the
case of a uniform shear. Although shear layer configura-
tion stabilizes RTI similar to the uniform shear case, ad-
ditional unstable shear instability modes are introduced
in the low wavenumber regime. We show that this shear
instability is entirely new and has not been reported in
5the literature. KHI, which also develops from the shear
layer, and previously thought to be of key importance,
plays a minor role. This implies that the billows observed
in the nonlinear stages of RTI, which are traditionally at-
tributed to secondary KHI [15], may indeed be the non-
linear manifestation of this new shear instability.
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